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In this paper, we solve the following combinatorial problem. Let A1, A2, . . . , Ap be given
sets and B1, B2, . . . , Bq be m-sets. We lower bound the number q of sets B1, B2, . . . , Bq
such that
p
i=1 Ai ⊆
q
i=1 Bi and, for each i ∈ {1, 2, . . . , q}, the set Bi does not contain
two distinct elements x and y with x ∈ Aj, y ∈ Ak and j ≠ k. Our result directly implies
the theorems proved by Bessy et al. [S. Bessy, N. Lichiardopol, J.-S. Sereni, Two proofs of
the Bermond–Thomassen conjecture for tournaments with bounded minimum in-degree,
Discrete Math. 310 (3) (2010) 557–560].
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
We shall assume that the reader is familiar with standard terminology on theory of numbers (see, e.g., [3]) and
combinatorics (see, e.g., [4]). For a real number a, we define ⌈a⌉ as the least integer not smaller than a and ⌊a⌋ as the greatest
integer not greater than a. If n is an integer and m is a positive integer, then we define rem(n,m) as the remainder in the
Euclidean division of n bym, i.e. rem(n,m) = n−m⌊ nm⌋. For a set S, |S| is the number of elements of S. If |S| = m, then we
say that S is anm-set.
In 2010, Bessy et al. [1] gave the following two interesting theorems.
Theorem 1.1. Fix two integers m ≥ 3 and r ≥ 1. Let n ∈ {1, 2, . . . , r} and s = ⌈ r+m−12 ⌉. For every i ∈ {1, 2, . . . , n}, let
Bi be an m-set, and for every j ∈ {1, 2, . . . , s}, fix a set Aj ⊆ ni=1 Bi of cardinality at least r + m + 1 − 2j. Then, there exist
i ∈ {1, 2, . . . , n} and distinct elements j and k of {1, 2, . . . , s} such that Bi has distinct elements x and y with x ∈ Aj and y ∈ Ak.
Theorem 1.2. Fix two integers m ≥ 3 and r ≥ 2. Let n ∈ {1, 2, . . . , r}, and for every i ∈ {1, 2, . . . , n}, denote by Bi an m-set.
For every j ∈ {1, 2, . . . , r}, let Aj ⊆ni=1 Bi with |Aj| ≥ r+m+1−2j. Then, there exist i ∈ {1, 2, . . . , n} and distinct elements
j and k of {1, 2, . . . , r} such that Bi has distinct elements x and y with x ∈ Aj and y ∈ Ak.
The two theorems were proved by induction on the number r in [1] and were very useful for proving the main results in
[1,2]. In this paper, Theorem 2.2 generalizes the two theorems as follows. Let A1, A2, . . . , Ap be given sets and B1, B2, . . . , Bq
bem-sets. We lower bound the number q of sets B1, B2, . . . , Bq such that
p
i=1 Ai ⊆
q
i=1 Bi and, for each i ∈ {1, 2, . . . , q},
the set Bi does not contain two distinct elements x and y with x ∈ Aj, y ∈ Ak and j ≠ k. Corollary 2.3 is a special case
of Theorem 2.2 in which |A1|, . . . , |Ap| is an arithmetical progression with common difference d = −2. Theorem 2.4
combines Theorem1.1with Theorem1.2 and is a special case of Corollary 2.3 for given p. To prove Theorem2.2, we construct
Theorem 2.1 in which the elements in A1 ∪ A2 ∪ · · · ∪ Ap are regarded as balls and B1, B2, . . . , Bq are regarded as boxes.
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2. Main results
At first we give out Theorem 2.1 as follows.
Theorem 2.1. Let n1, n2, . . . , np be nonnegative integers such that n1 ≥ n2 ≥ · · · ≥ np. There are a set S of balls and a map
f such that for every x ∈ S, f (x) is a nonempty subset of {1, 2, . . . , p} and for all i ∈ {1, 2, . . . , p}, |{x ∈ S|i ∈ f (x)}| = ni. If
we place all the balls of S into q boxes such that each box accommodates at most m balls and no box contains distinct balls x, y
satisfying j ∈ f (x), k ∈ f (y) and j ≠ k, then the following holds
when m = 1, we have q ≥ n1;
when m ≥ 2, we have
if p < m, then q ≥pi=1⌊ nim ⌋ +min0≤k≤m−1{k+pi=1,rem(ni,m)>k 1};
if p ≥ m, then q ≥ nm +m−1i=1 ⌊ ni−nmm ⌋ +min0≤k≤m−1{k+m−1i=1,rem(ni−nm,m)>k 1}.
Proof. First, we give out some concepts. Let G be the set of pairs (S, f ), which satisfies the following three conditions:
(1) S is a set of balls;
(2) f is a map from S to the set of all nonempty subsets of {1, 2, . . . , p};
(3) For every i ∈ {1, 2, . . . , p}, |{x ∈ S|i ∈ f (x)}| = ni.
For (S, f ) ∈ G and x ∈ S, if |f (x)| = 1, then we say that x is a single ball; otherwise we say that x is a shared ball. We define
sh(S, f ) as the number of shared balls of S under the map f . For (S, f ) ∈ G, the balls x1, x2, . . . , x|S| are in a natural order, if
|f (x1)| ≥ |f (x2)| ≥ · · · ≥ |f (x|S|)|. Below we give an example.
Example 1. Let p = 3, n1 = 3, n2 = 2 and n3 = 1. Let G be the set defined as above for n1, n2, n3. We show two elements
of G as follows.
S ′ = {x1, x2, x3}, f ′(x1) = {1, 2, 3}, f ′(x2) = {1, 2}, f ′(x3) = {1}. Obviously |{x ∈ S ′|1 ∈ f ′(x)}| = |{x1, x2, x3}| = 3 =
n1, |{x ∈ S ′|2 ∈ f ′(x)}| = |{x1, x2}| = 2 = n2 and |{x ∈ S ′|3 ∈ f ′(x)}| = |{x1}| = 1 = n3, so (S ′, f ′) ∈ G. In addition, x1, x2
are shared balls and x3 is a single ball. There are only one natural order: x1, x2, x3.
S ′′ = {y1, y2, y3, y4}, f ′′(y1) = {1, 2}, f ′′(y2) = {1, 3}, f ′′(y3) = {1}, f ′′(y4) = {2}. It is easy to see that (S ′′, f ′′) ∈ G.
Obviously y1, y2 are shared balls and y3, y4 are single balls. There are four natural orders: y1, y2, y3, y4; y2, y1, y3, y4;
y1, y2, y4, y3 and y2, y1, y4, y3. 
For (S, f ) ∈ G, if we place all the balls of S into some boxes such that
(I) Each box accommodates at mostm balls;
(II) No box contains distinct balls x, y such that j ∈ f (x), k ∈ f (y) and j ≠ k, then we say that the placement is valid. By
g(S, f ) we denote the least number of boxes occupied in a valid placement for (S, f ) ∈ G. Obviously the theorem is to
solve min{g(S, f )|(S, f ) ∈ G}.
First, we compute g(S, f ), for any (S, f ) ∈ G. Let S = S ′ ∪ S ′′, where S ′ is the set of all shared balls and S ′′ is the set of all
single balls. Obviously for each x ∈ S ′, the ball xmust occupy a box alone in a valid placement. Let S ′′ = S ′′1 ∪ S ′′2 ∪ · · · ∪ S ′′p ,
where S ′′i = {x ∈ S ′′|f (x) = {i}}, i = 1, 2, . . . , p. Clearly in a valid placement, S ′′i must occupy exclusively at least ⌈ |S
′′
i |
m ⌉
boxes. Hence g(S, f ) ≥ |S ′| +pi=1⌈ |S′′i |m ⌉. Obviously there is a valid placement using exactly |S ′| +pi=1⌈ |S′′i |m ⌉ boxes, so
g(S, f ) = |S ′| +pi=1⌈ |S′′i |m ⌉.
Second, we compute min{g(S, f )|(S, f ) ∈ G}. Now we give the following claims.
Claim 1. For (S, f ) ∈ G, if x1, x2, . . . , x|S| are in a natural order and l is the least positive integer such that xl is a shared ball and
f (xl) ≠ {i|ni ≥ l}, then f (xl) ⊂ {i|ni ≥ l}.
Proof. Obviously it is enough to prove that if nk < l, then k ∉ f (xl). Assume that nk < l. By the definition of l, f (xj) = {i|ni ≥
j}, for j = 1, 2, . . . , nk. Obviously nk ≥ 1, nk ≥ 2, . . . , nk ≥ nk, so k ∈ f (xi), i = 1, 2, . . . , nk. As |{x ∈ S|k ∈ f (x)}| = nk, we
have {x ∈ S|k ∈ f (x)} = {x1, x2, . . . , xnk}. Therefore k ∉ f (xl) and f (xl) ⊂ {i|ni ≥ l}. 
Claim 2. For (S, f ) ∈ G, let x1, x2, . . . , x|S| be in a natural order and l be the least positive integer such that xl is a shared ball and
f (xl) ≠ {i|ni ≥ l}. If y1, y2, . . . , y|S| are in another natural order, then l is also the least positive integer such that yl is a shared
ball and f (yl) ≠ {i|ni ≥ l}.
Proof. Assume that |f (x1)| = · · · = |f (xr1)| > |f (xr1+1)| = · · · = |f (xr2)| > · · · > |f (xrk−1+1)| = · · · = |f (x|S|)|. We claim
that there exists s ∈ {0, 1, . . . , k − 1} such that l = rs + 1, where r0 = 0. Indeed, when l = 1, it holds l = r0 + 1. If l > 1,
then by the minimality on l, it holds f (xl−1) = {i|ni ≥ l− 1}. Clearly {i|ni ≥ l− 1} ⊇ {i|ni ≥ l}. By Claim 1, f (xl) is a proper
subset of {i|ni ≥ l}. It follows |{i|ni ≥ l}| > |f (xl)|, and then we get |f (xl−1)| > |f (xl)|which shows that l = rs + 1, for some
s ∈ {0, 1, . . . , k− 1}.
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By the minimality on l, we have that f (xj) = {i|ni ≥ j}, for j = 1, 2, . . . , l − 1. This implies that f (x1) ⊇ f (x2) ⊇ · · · ⊇
f (xl−1). So for 0 ≤ t < s, we have f (xrt+1) = f (xrt+2) = · · · = f (xrt+1) = {i|ni ≥ rt + 1} = {i|ni ≥ rt + 2} = · · · ={i|ni ≥ rt+1}. Assume that y1, y2, . . . , y|S| are also in a natural order. Obviously yri+1, yri+2, . . . , yri+1 is a permutation of
xri+1, xri+2, . . . , xri+1 , for any i ∈ {0, 1, . . . , k− 1}. Therefore for 0 ≤ t < s, f (yrt+1) = f (yrt+2) = · · · = f (yrt+1) = {i|ni ≥
rt + 1} = {i|ni ≥ rt + 2} = · · · = {i|ni ≥ rt+1}. In addition, |f (yl)| = |f (xl)|. As |f (xl)| < |{i|ni ≥ l}|, |f (yl)| < |{i|ni ≥ l}|.
This implies the result. 
Let (S, f ) ∈ G and x1, x2, . . . , x|S| be in a natural order. If f (xk) = {i|ni ≥ k} for all shared balls, then we say
that f is a standard map. Otherwise we denote by l(S, f ) the least positive integer l such that xl is a shared ball and
f (xl) ≠ {i|ni ≥ l}. Claim 2 implies that l(S, f ) indeed depends only on S and f and is unrelated to the natural order, as
our notation indicates. In Example 1, f ′ is a standard map and f ′′ is not a standard map. Since y1, y2, y3, y4 are in a natural
order and f ′′(y1) = {1, 2} ≠ {i|ni ≥ 1} = {1, 2, 3}, we have that l(S ′′, f ′′) = 1. Below is a very important claim for proving
the theorem.
Claim 3. There is (So, f o) ∈ G such that g(So, f o) = min{g(S, f )|(S, f ) ∈ G} and f o is a standard map.
Proof. Suppose that the result is untrue. Let g = min{g(S, f )|(S, f ) ∈ G}. We choose (S∗, f ∗) ∈ G such that
g(S∗, f ∗) = g
and
l(S∗, f ∗) = max{l(S, f )|(S, f ) ∈ G, g(S, f ) = g}.
Let the balls x1, x2, . . . , x|S∗| be in a natural order and l = l(S∗, f ∗). By Claim1 f ∗(xl) ⊂ {i|ni ≥ l}. Let I = {i|ni ≥ l}−f ∗(xl).
Clearly for every i ∈ I, |{x ∈ S∗|i ∈ f ∗(x)}| = ni ≥ l and i ∉ f ∗(xl), so there exists some ri ∈ {l+ 1, l+ 2, . . . , |S∗|} such that
i ∈ f ∗(xri). Then we construct a new pair (So, f o) of G by the following two steps:
Step 1: For each i ∈ I , remove i from f ∗(xri) and add i to f ∗(xl);
Step 2: Remove the balls whose image becomes empty after Step 1.
Obviously, for any x ∈ S∗, the set of numbers removed from f ∗(x) in Step 1 is {i ∈ I|x = xri}. The ball x is removed
in Step 2 if and only if f ∗(x) = {i ∈ I|x = xri}. Therefore So = S∗ − {x ∈ S∗|f ∗(x) = {i ∈ I|x = xri}} and
f o(x) =
{i|ni ≥ k} if x = xk with 1 ≤ k ≤ l
f ∗(x)− {i ∈ I|x = xri} for others x ∈ So.
At first we show that (So, f o) ∈ G. Obviously So is a set of balls and f o is a map from So to the set of all nonempty subsets
of {1, 2, . . . , p}. By the definition of (So, f o), it is easy to see that
{x ∈ So|i ∈ f o(x)} =
{x ∈ S∗|i ∈ f ∗(x)} ∪ {xl} \ {xri} i ∈ I{x ∈ S∗|i ∈ f ∗(x)} i ∈ {1, 2, . . . , p} − I.
So |{x ∈ So|i ∈ f o(x)}| = |{x ∈ S∗|i ∈ f ∗(x)}| = ni, for every i ∈ {1, 2, . . . , p}. Hence (So, f o) ∈ G.
It is clear that xl is a shared ball in S∗ and for any x ∈ So \ {xl}, f o(x) ⊆ f ∗(x). Hence for each valid placement
of (S∗, f ∗), if we take out the balls belonging to S∗ \ So from their boxes, then we obtain a valid placement of (So, f o).
Hence g(So, f o) ≤ g(S∗, f ∗), which implies that g(So, f o) = g . In addition, obviously either f o is a standard map or
l(So, f o) > l = l(S∗, f ∗), a contradiction. So the claim is right. 
By Claim 3, below we only consider (S, f ) ∈ G with standard map f . First, we show that g(S, f ) = sh(S, f ) +p
i=1 max(⌈ ni−sh(S,f )m ⌉, 0). Let r = sh(S, f ) and x1, x2, . . . , x|S| be in a natural order. Obviously x1, x2, . . . , xr are all the
shared balls. In addition, for i ∈ {1, 2, . . . , p} such that ni ≤ r , we have i ∈ f (x1), i ∈ f (x2), . . . , i ∈ f (xni). Because|{x ∈ S|i ∈ f (x)}| = ni, there is no single ball x such that f (x) = {i}. For i ∈ {1, 2, . . . , p} such that ni > r , we have
i ∈ f (x1), i ∈ f (x2), . . . , i ∈ f (xr). Because |{x ∈ S|i ∈ f (x)}| = ni, there are ni − r single balls whose image under f is {i}.
Hence g(S, f ) = sh(S, f )+pi=1 max(⌈ ni−sh(S,f )m ⌉, 0). Below we give out the range of sh(S, f ).
Claim 4. For any (S, f ) ∈ G with standard map f , sh(S, f ) ∈ {0, 1, 2, . . . , n2}. Conversely for any r ∈ {0, 1, 2, . . . , n2}, there
is a pair (S, f ) ∈ G such that f is a standard map and sh(S, f ) = r.
Proof. Let (S, f ) be an arbitrary pair of G with standard map f . Let x1, x2, . . . , x|S| be in a natural order. Assume that xj is a
shared ball and j > n2. As f is a standard map, we have f (xj) = {i|ni ≥ j}. Obviously j > n2 ≥ n3 ≥ · · · ≥ np, so f (xj) ⊆ {1}.
A contradiction to the assumption that xj is a shared ball. Hence 0 ≤ sh(S, f ) ≤ n2.
Let r be an arbitrary number in {0, 1, 2, . . . , n2}. We define (S, f ) as follows. Let S = {x1, x2, . . . , xl}, where l =
r+pi=1 max{ni− r, 0}. For any j ∈ {1, 2, . . . , r}, define f (xj) = {i|ni ≥ j}. Let r0 = r and rj = r+ji=1 max{ni− r, 0}, j =
1, 2, . . . , p. For j ∈ {1, 2, . . . , p} such that rj > rj−1, define f (xi) = {j}, i = rj−1 + 1, rj−1 + 2, . . . , rj. Below we prove that
(S, f ) is the desired pair.
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Obviously S is a set of balls and f is a map from S to the set of all nonempty subsets of {1, 2, . . . , p}. For any i ∈
{1, 2, .., p}, ni ≥ 1, ni ≥ 2, . . . , ni ≥ ni. Hence for i ∈ {1, 2, . . . , p} such that ni < r , we have that i ∈ f (x1), i ∈
f (x2), . . . , i ∈ f (xni) and i ∉ f (xni+1), i ∉ f (xni+2), . . . , i ∉ f (xr). For i ∈ {1, 2, . . . , p} such that ni ≥ r , we have that
i ∈ f (x1), i ∈ f (x2), . . . , i ∈ f (xr). Obviously each of {xr+1, xr+2, . . . , xl} is a single ball and |{x ∈ {xr+1, xr+2, . . . , xl}|f (x) =
{i}}| = max(ni − r, 0), so |{x ∈ S|i ∈ f (x)}| = ni, for any i ∈ {1, 2, . . . , p}. Therefore (S, f ) ∈ G.
Because n1 ≥ n2 ≥ r , for every j ∈ {1, 2, . . . , r}, {1, 2} ⊆ f (xj) and xj is a shared ball. Clearly each of {xr+1, xr+2, . . . , xl}
is a single ball, hence sh(S, f ) = r . It is obvious that x1, x2, . . . , x|S| are in a natural order and f is a standard map. This
completes the proof. 
Below we distinguish two cases.
Case 1.m = 1.
When p = 1, obviously G contains only one pair (S, f ), where S contains n1 balls and for any x ∈ S, f (x) = {1}. Therefore
min{g(S, f )|(S, f ) ∈ G} = n1.
When p ≥ 2, by Claim 4, there is a pair (S∗, f ∗) ∈ G such that sh(S∗, f ∗) = n2. Hence g(S∗, f ∗) = n2 +p
i=1 max(⌈ ni−n2m ⌉, 0) = n1. Obviously for any (S, f ) ∈ G, S contains at least n1 balls, so min{g(S, f )|(S, f ) ∈ G} ≥ n1.
Therefore min{g(S, f )|(S, f ) ∈ G} = n1.
Case 2.m ≥ 2.
Subcase 2.1. p < m.
At first we give the following claim.
Claim 5. If (S∗, f ∗) ∈ G with g(S∗, f ∗) = min{g(S, f )|(S, f ) ∈ G}, then sh(S∗, f ∗) < m.
Proof. Suppose that sh(S∗, f ∗) ≥ m. By Claim 4, there is a pair (So, f o) ∈ G such that sh(So, f o) = sh(S∗, f ∗)−m. Then
g(So, f o) = sh(So, f o)+
p
i=1
max

ni − sh(So, f o)
m

, 0

= sh(S∗, f ∗)−m+
p
i=1
max

ni − sh(S∗, f ∗)+m
m

, 0

≤ sh(S∗, f ∗)−m+
p
i=1
max

ni − sh(S∗, f ∗)
m

+ 1, 1

= sh(S∗, f ∗)−m+
p
i=1
max

ni − sh(S∗, f ∗)
m

, 0

+ p
= g(S∗, f ∗)+ p−m.
Because p < m, we have g(So, f o) < g(S∗, f ∗). A contradiction. 
Below we consider (S, f ) ∈ G with sh(S, f ) < m. Let k = sh(S, f ). Then g(S, f ) = k +pi=1 max(⌈ ni−km ⌉, 0). As ni−km ≥−k
m > −1, we have ⌈ ni−km ⌉ ≥ 0. Hence g(S, f ) = k +
p
i=1⌈ ni−km ⌉. Because k < m, when rem(ni,m) ≤ k, ⌈ ni−km ⌉ = ⌊ nim ⌋;
when rem(ni,m) > k, ⌈ ni−km ⌉ = ⌈ nim ⌉ = ⌊ nim ⌋ + 1. So
g(S, f ) = k+
p
i=1,rem(ni,m)≤k

ni − k
m

+
p
i=1,rem(ni,m)>k

ni − k
m

= k+
p
i=1,rem(ni,m)≤k
ni
m

+
p
i=1,rem(ni,m)>k
ni
m

+ 1

=
p
i=1
ni
m

+ k+
p
i=1,rem(ni,m)>k
1.
By Claim 5, in the case that p < m,min{g(S, f )|(S, f ) ∈ G} =pi=1⌊ nim ⌋ +min0≤k≤m−1{k+pi=1,rem(ni,m)>k 1}.
Subcase 2.2. p ≥ m.
At first we give the following claim.
Claim 6. There exists (S∗, f ∗) ∈ G such that g(S∗, f ∗) = min{g(S, f )|(S, f ) ∈ G} and sh(S∗, f ∗) ≥ nm.
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Proof. Let g = min{g(S, f )|(S, f ) ∈ G}. We choose (S∗, f ∗) ∈ G such that
g(S∗, f ∗) = g
and
sh(S∗, f ∗) = max{sh(S, f )|(S, f ) ∈ G, g(S, f ) = g}.
Suppose that sh(S∗, f ∗) < nm. As m ≥ 2, we have sh(S∗, f ∗) < nm ≤ n2. By Claim 4, there is a pair (So, f o) ∈ G such that
sh(So, f o) = sh(S∗, f ∗)+min(n2 − sh(S∗, f ∗),m).
When n2 − sh(S∗, f ∗) < m, sh(So, f o) = n2. So g(So, f o) = n2 + pi=1 max(⌈ ni−n2m ⌉, 0) = n2 + ⌈ n1−n2m ⌉. Since
n2 − sh(S∗, f ∗) < m, we have n2 ≤ sh(S∗, f ∗)+m− 1. Hence
g(So, f o) ≤ sh(S∗, f ∗)+m− 1+

n1 − n2
m

≤ sh(S∗, f ∗)+m− 1+

n1 − sh(S∗, f ∗)
m

.
As n1 ≥ n2 ≥ · · · ≥ nm > sh(S∗, f ∗), we have ⌈ n1−sh(S∗,f ∗)m ⌉ ≥ ⌈ n2−sh(S
∗,f ∗)
m ⌉ ≥ · · · ≥ ⌈ nm−sh(S
∗,f ∗)
m ⌉ ≥ 1. Hence
g(So, f o) ≤ sh(S∗, f ∗)+
m
i=1

ni − sh(S∗, f ∗)
m

≤ sh(S∗, f ∗)+
p
i=1
max

ni − sh(S∗, f ∗)
m

, 0

= g(S∗, f ∗).
When n2 − sh(S∗, f ∗) ≥ m, sh(So, f o) = sh(S∗, f ∗)+m. So g(So, f o) = sh(S∗, f ∗)+m+pi=1 max(⌈ ni−sh(S∗,f ∗)−mm ⌉, 0).
Because n1 ≥ n2 ≥ · · · ≥ nm > sh(S∗, f ∗), we have ⌈ n1−sh(S∗,f ∗)−mm ⌉ ≥ ⌈ n2−sh(S
∗,f ∗)−m
m ⌉ ≥ ⌈ nm−sh(S
∗,f ∗)−m
m ⌉ ≥ 0. Hence
g(So, f o) = sh(S∗, f ∗)+m+
m
i=1

ni − sh(S∗, f ∗)−m
m

+
p
i=m+1
max

ni − sh(S∗, f ∗)−m
m

, 0

≤ sh(S∗, f ∗)+m+
m
i=1

ni − sh(S∗, f ∗)
m

− 1

+
p
i=m+1
max

ni − sh(S∗, f ∗)
m

, 0

= sh(S∗, f ∗)+
m
i=1

ni − sh(S∗, f ∗)
m

+
p
i=m+1
max

ni − sh(S∗, f ∗)
m

, 0

= sh(S∗, f ∗)+
p
i=1
max

ni − sh(S∗, f ∗)
m

, 0

= g(S∗, f ∗).
Therefore g(So, f o) = g and sh(So, f o) > sh(S∗, f ∗), a contradiction. 
By Claim 6, in the case that p ≥ m,min{g(S, f )|(S, f ) ∈ G} = min{g(S, f )|(S, f ) ∈ G, sh(S, f ) ≥ nm} = nm +
min{g(S, f )|(S, f ) ∈ G∗}, where G∗ is the set of pairs (S, f ) satisfying
(1) S is a set of balls;
(2) f is a map from S to the set of all nonempty subsets of {1, 2, . . . ,m− 1};
(3) For every i ∈ {1, 2, . . . ,m− 1}, |{x ∈ S|i ∈ f (x)}| = ni − nm.
By Subcase 2.1, min{g(S, f )|(S, f ) ∈ G∗} = m−1i=1 ⌊ ni−nmm ⌋ + min0≤k≤m−1{k + m−1i=1,rem(ni−nm,m)>k 1}. So
min{g(S, f )|(S, f ) ∈ G} = nm +m−1i=1 ⌊ ni−nmm ⌋ +min0≤k≤m−1{k+m−1i=1,rem(ni−nm,m)>k 1}. This completes the proof. 
Theorem 2.2. Let A1, A2, . . . , Ap, B1, B2, . . . , Bq be some sets satisfying the following conditions:
(a) |A1| ≥ |A2| ≥ · · · ≥ |Ap| ≥ 0;
(b)
p
i=1 Ai ⊆
q
i=1 Bi;
(c) For every i ∈ {1, 2, . . . , q}, Bi is an m-set;
(d) For every i ∈ {1, 2, . . . , q}, Bi does not contain distinct elements x, y such that x ∈ Aj, y ∈ Ak and j ≠ k,
then the following holds
when m = 1, we have q ≥ |A1|;
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when m ≥ 2, we have
if p < m, then q ≥pi=1⌊ |Ai|m ⌋ +min0≤k≤m−1{k+pi=1,rem(|Ai|,m)>k 1};
if p ≥ m, then q ≥ |Am| +m−1i=1 ⌊ |Ai|−|Am|m ⌋ +min0≤k≤m−1{k+m−1i=1,rem(|Ai|−|Am|,m)>k 1}.
Proof. We regard the elements in S = A1 ∪ A2 ∪ · · · ∪ Ap as balls and B1, B2, . . . , Bq as boxes. For any ball x of S, we define
f (x) = {i|x ∈ Ai}. Obviously i ∈ f (x) if and only if x ∈ Ai, so |{x ∈ S|i ∈ f (x)}| = |{x ∈ S|x ∈ Ai}| = |Ai|, i = 1, 2, . . . , p.
Obviously Condition (b) is equivalent to the fact that putting all the balls of S into q boxes. Condition (c) is equivalent to the
fact that every box accommodates at mostm balls. Condition (d) is equivalent to the fact that no box contains distinct balls
x, y such that j ∈ f (x), k ∈ f (y) and j ≠ k. The conclusion now follows from Theorem 2.1. 
Corollary 2.3. In Theorem 2.2, if |A1|, |A2|, . . . , |Ap| is an arithmetical progression with common difference d = −2, then we
conclude that
when p < m, we have
if
p
i=1,rem(|Ai|,m)=1 1 ≤ 1, then q ≥
p
i=1⌈ |Ai|m ⌉;
if
p
i=1,rem(|Ai|,m)=1 1 = 2, then q ≥
p
i=1⌈ |Ai|m ⌉ − 1;
when p ≥ m, we have q ≥ |Am| +m− 1+ ⌈m−22 ⌉.
Proof. We distinguish two cases.
Case 1. p < m.
We claim that
p
i=1,k≤rem(|Ai|,m)≤k+1 1 ≤ 2, for any k ∈ {0, 1, 2, . . . ,m − 2}. Otherwise, assume thatp
i=1,s≤rem(|Ai|,m)≤s+1 1 ≥ 3 for some s ∈ {0, 1, 2, . . . ,m− 2}. Let |Ai|, |Aj|, |Ak| be the first three numbers whose remainder
divided bym is between s and s+ 1 in |A1|, |A2|, . . . , |Ap|. Whenm is an even number, it is easy to see that |Aj| = |Ai| − m
and |Ak| = |Ai| − 2m. Whenm is an odd number, then |Aj| ∈ {|Ai| −m+ 1, |Ai| −m− 1} and |Ak| = |Ai| − 2m. So whatever
|Ak| = |Ai| − 2m and p ≥ m+ 1. A contradiction.
Hence for any k ∈ {0, 1, . . . ,m−3}, k+pi=1,rem(|Ai|,m)>k 1 ≤ k+2+pi=1,rem(|Ai|,m)>k+2 1. Let l be the least nonnegative
integer which is less thanm such that l+pi=1,rem(|Ai|,m)>l 1 = min0≤k≤m−1{k+pi=1,rem(|Ai|,m)>k 1}. Then l ∈ {0, 1}. Clearlyp
i=1,rem(|Ai|,m)=1 1 ≤ 2.
Subcase 1.1.
p
i=1,rem(|Ai|,m)=1 1 ≤ 1.
Obviously 0+pi=1,rem(|Ai|,m)>0 1 ≤ 1+pi=1,rem(|Ai|,m)>1 1, so l = 0. As p < m, we have thatm ≥ 2. Theorem 2.2 implies
that q ≥pi=1⌊ |Ai|m ⌋ + 0+pi=1,rem(|Ai|,m)>0 1 =pi=1⌈ |Ai|m ⌉.
Subcase 1.2.
p
i=1,rem(|Ai|,m)=1 1 = 2.
Obviously 0+pi=1,rem(|Ai|,m)>0 1 > 1+pi=1,rem(|Ai|,m)>1 1, so l = 1. In addition, it is easy to see thatpi=1,rem(|Ai|,m)=0 1 =
0. Asm > 2, by Theorem 2.2, q ≥pi=1⌊ |Ai|m ⌋ + 1+pi=1,rem(|Ai|,m)>1 1 =pi=1⌊ |Ai|m ⌋ + 1+ p− 2 =pi=1⌈ |Ai|m ⌉ − 1.
Case 2. p ≥ m.
Subcase 2.1.m = 1.
Theorem 2.2 implies that q ≥ |A1| = |Am| +m− 1+ ⌈m−22 ⌉.
Subcase 2.2.m ≥ 2.
By Theorem 2.2, q ≥ |Am| + m−1i=1 ⌊ |Ai|−|Am|m ⌋ + min0≤k≤m−1{k + m−1i=1,rem(|Ai|−|Am|,m)>k 1}. Obviously m − 1 < m
and |A1| − |Am|, |A2| − |Am|, . . . , |Am−1| − |Am| is an arithmetical progression with common difference d = −2, so, by
the conclusion above for p < m, we have that for any k ∈ {0, 1, . . . ,m − 2},m−1i=1,k≤rem(|Ai|−|Am|,m)≤k+1 1 ≤ 2. Since
rem(|Am−1| − |Am|,m) = rem(2,m) ∈ {0, 2}, we havem−1i=1,rem(|Ai|−|Am|,m)=1 1 ≤ 1. Som−1i=1 ⌊ |Ai|−|Am|m ⌋ +min0≤k≤m−1{k+m−1
i=1,rem(|Ai|−|Am|,m)>k 1} =
m−1
i=1 ⌈ |Ai|−|Am|m ⌉. Therefore q ≥ |Am| +
m−1
i=1 ⌈ |Ai|−|Am|m ⌉ = |Am| +
m−1
i=1 ⌈ 2im⌉. Since m ≥ 2,
whateverm is an even number or an odd number, there are ⌈m−22 ⌉ numbers which are bigger thanm in {2, 4, . . . , 2m− 2}.
Therefore q ≥ |Am| +m− 1+ ⌈m−22 ⌉. This completes the proof. 
Theorem 2.4. Fix two integers m ≥ 3 and r ≥ 2. Let n ∈ {1, 2, . . . , r} and p = min(r, ⌈ r+m−12 ⌉). For every i ∈ {1, 2, . . . , n},
let Bi be an m-set, and for every j ∈ {1, 2, . . . , p}, fix a set Aj ⊆ ni=1 Bi with |Aj| ≥ r + m + 1 − 2j. Then, there exist
i ∈ {1, 2, . . . , n} and distinct elements j and k of {1, 2, . . . , p} such that Bi has distinct elements x and y with x ∈ Aj and y ∈ Ak.
Proof. Obviously |Ap| = r + m+ 1− 2p ≥ r + m+ 1− 2⌈ r+m−12 ⌉ ≥ r + m+ 1− 2× r+m2 = 1, so it is enough to prove
the conclusion for |Aj| = r + m + 1 − 2j, j = 1, 2, . . . , p. Suppose that for each i ∈ {1, 2, . . . , n}, Bi does not contain two
distinct elements x and ywith x ∈ Aj, y ∈ Ak and j ≠ k. Now we distinguish two cases.
Case 1. r < ⌈ r+m−12 ⌉.
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Obviously p = r and r ≤ m− 2. So |A1| = r + m− 1 ≤ 2m− 3 and |Ap| = |Ar | = m+ 1− r ≥ 3. It is easy to see thatr
i=1,rem(|Ai|,m)=1 1 ≤ 1. Clearly p < m, Corollary 2.3 implies that n ≥
p
i=1⌈ |Ai|m ⌉ =
r
i=1⌈ |Ai|m ⌉. As |A1| = m + r − 1 and
m ≥ |Ar |, there are ⌈ r−12 ⌉ numbers which are bigger thanm in |A1|, |A2|, . . . , |Ar |. Hence n ≥ r+⌈ r−12 ⌉ > r , a contradiction.
Case 2. r ≥ ⌈ r+m−12 ⌉.
Obviously p = ⌈ r+m−12 ⌉ and r ≥ m− 1.
Subcase 2.1. ⌈ r+m−12 ⌉ < m.
So r = m− 1 = p. Now |A1| = r+m− 1 = 2m− 2 and |Ap| = |Ar | = m+ 1− r = 2. Obviouslypi=1,rem(|Ai|,m)=1 1 ≤ 1.
Since p < m, still by Corollary 2.3, n ≥pi=1⌈ |Ai|m ⌉ =ri=1⌈ |Ai|m ⌉ = r + ⌈ r−12 ⌉ > r , a contradiction.
Subcase 2.2. ⌈ r+m−12 ⌉ ≥ m.
Corollary 2.3 implies that n ≥ |Am| +m− 1+ ⌈m−22 ⌉ = r + ⌈m−22 ⌉ > r , a contradiction. This completes the proof. 
We now give the new proof of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. When r ≥ 2, as ⌈ r+m−12 ⌉ ≥ min(r, ⌈ r+m−12 ⌉), it has been proved in Theorem 2.4. So we only need to
consider the case that r = 1. Suppose that for each i ∈ {1, 2, . . . , n}, Bi does not contain two distinct elements x and ywith
x ∈ Aj, y ∈ Ak and j ≠ k. Obviously |A1| = r+m− 1 = m and |As| = r+m+ 1− 2⌈ r+m−12 ⌉ ≥ 1, so
s
i=1,rem(|Ai|,m)=1 1 ≤ 1.
As s = ⌈ r+m−12 ⌉ = ⌈m2 ⌉ < m, Corollary 2.3 implies that n ≥
s
i=1⌈ |Ai|m ⌉ = s = ⌈ r+m−12 ⌉ = ⌈m2 ⌉ > 1 = r , a contradiction.
This completes the proof. 
Proof of Theorem 1.2. Clearly r ≥ min(r, ⌈ r+m−12 ⌉), it has been proved in Theorem 2.4. 
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